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It is shown that generalized Moore geometries of type GM,,&, t, s + 1) cannot exist if m = 5. 
Combined with the results of a number of earlier papers this leads to the ensuing conclusion 
that such structures do not exist for m > 4. 
1. Introductioma 
The concept of a generalized Moore geometry was defined by the second and 
third author in [l]. A generalized Moore geometry of type GM& t, c) is a finite 
incidence plane with s + 1 points per line and t + 1 lines per point, such that the 
point graph has diameter m, any two points at distance <m are joined by a 
unique shortest path, and any two points at distance m are joined by exactly c 
shortest paths. We shall assume throughout that st > ;, in order to exclude 
various trivial structures (these are listed in [2]). These geometries include as 
special cases the Moore graphs (s = c = l), Moore geometries (c = l), and 
generalized polygons (an n-gon either has n = 2m, c = t + 1 or n = 2m - 1, s = t, 
c = 1). The problem of classifying these geometries in the general case is 
unsolved, but it seems as if they exist only for small values of the diameter m. In 
this series of papers we consider another subfamily of the generalized Moore 
geometries; namely those for which c = s + 1. Such geometries cannot exist for 
m 3 6 (by [2], [3], and [4]) or for m = 4 by [5]. In this paper, we shall close the 
gap by proving that they also cannot exist for m = 5. Thus the combined result of 
these papers is: 
Theorem 1. The generalized Moore geometry GM,&, t, s + 1) cannot exist for 
diameter m > 3 and st > I. 
As in the previous papers, we prove this result by using the fact that if the 
geometry exists, then its point graph is distance-regular. The intersection matrix 
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is known, and we derive conditions for that matrix to be feasible. In particular, 
the characteristic equation has rational roots and so its discriminant is a square. 
This gives a Diophantine equation, which we solve by standard methods of infinite 
descent. 
When the diameter is ~3, this method fails because there are then infinitely 
many values of s and t for which the matrix is feasible. But for most of these 
values, it is not known if a geometry exists. Known examples of non-triviai 
generalized Moore geometries of type GM,&, C, s + l), m s 3, are the Clebsch 
graph (m = 2, s = 1, t = 4), the Gewirtz graph (m = 2, s = 1, t = 9), the odd graph 
O4 (m = 3, s = 1, t = 3), generalized tetragons (m = 2) with s = t and generalized 
hexagons (m = 3) with s = t. 
2. Proof thut the eigemaiues are rational 
In order to prove Theorem 1 (for m = S), we shall assume that a geometry 
GM5 (s, t, s + 1) exists, and eventually deduce a contradiction. We assume also 
that st > 1, in order to exclude the trivial structures that were listed in [2], and we 
may assume that t 2s (by [2], Section 2). If the geometry exists, then the 
associated point graph is a distance-regular graph. Its characteristic equation is 
given by Eq. (3) of [2]. Let A be any characteristic root different from the valency 
s(t + 1). Define p = A + 1 - s. Then p is a root of the reduced characteristic 
equation: 
0 = f (p)g(p) = (p” + sp - st)(p” + s/L* - 3stp - 2s’t). (2.0 
In ([2], Theorem 2.1) it was proved that the roots of this equation are all either 
rational or quadratic. Moreover, if p is a quadratic root, then its minimal 
equation has the form: 
p*+Aup+Av-4st=O, (2.2) 
where A is a rational number such that Au and ATJ are integers, and 
u=sst-4s-6t-0 (2.3) 
and 
r~ = (st + 1)(4s + 6t) - 20st. (2.4) 
Using this result, we will now prove that the roots of (2.1) are all rational. 
Lemma 2.1. f(p) = p* + sp - st has rational roots. Hence s # t and s and t cannot 
both be odd. 
Proof. If f had irrational roots, then f must have the form of (2.2). By comparing 
coefficients and eliminating A, it follows that v = 3tu. By (2.3) and (2.4) it follows 
that 
0 = V - 3tU = (5% - 4s)(st - 2t + 1). 
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But the second factor vanishes only if s = t = 1, which contradicts st > 1. The first 
factor cannot vanish because t 2 s. 
Therefore f has rational roots, so its discriminant D(f) = s2 + 4st is a square. 
The other statements now follow because if s = t then D(f) = 5s2, and if st is odd 
then D(f) = 5 (mod 8). Cl 
Lemma 2.2. g(p) = p3 + sp2 - 3stp - 2s2t also has rational roots. 
Proof. If not, then by the result quoted above, g has the form: 
g(p) = (CL - h)(p2 + Aup + Au - 4st). 
On comparing coefficients, we have: 
Au-h=s, 
A(v - uh) = st, 




Multipy (2.5) by 4st, substract (2.7), and substitute for A from (2.6). This gives: 
h(2.w - v) = 2s(v - 2tu). 
By (2.3) and (2.4), 
h 4s (St-3t+l)(s-t) 
= (3st - 4s + 3)(s - t) l 
We can cancel the factors (s - t) by Lemma 2.1. Then the denominator is odd, 
and so (4s, 3st - 4s + 3) is either 1 or 3. Therefore the number 
- 
3hl4s 
3st 9t + 3 
2 = = 3st - 4s + 3 
is an integer. But if s 2 3 then 0 < z < 1; if s = 2 then 22 + 1 = 1/(6t - 5); and if 
s = 1 then z + 2 = 1/(3t - 1). So z cannot be an integer; this contradiction proves 
the lemma. Cl 
3. The Diophantine equation 
In this section we examine the polynomials f and g that were defined in Section 
2. Using standard methods of p-adic analysis, we prove the following: 
Theorem 2. Suppose that for integral nonzero s and t, the equations 
f(/L)=~2+S~-st=0 
and 
g(p) = /u3 + sl_c2 - 3stp - 2s2t = 0 
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both have rational roots. Then the Diophantine equation 
a2= b4 + 9b2c2 + 864~~ (3.1) 
has a solution in nonzero integers a, b, c. 
We shall prove this by considering the discriminants of f and g. These 
discriminants are respectively: 
D(f) = s(s f- 4t) (3 2) . 
and 
D(g) = s3t(8s2 + 9st + 108t2). 1 3) 3. 
(See [6], Section 26, for the discriminant of a cubic). If ‘he roots are aPi rational, 
then both discriminants are squares, Since f and g are both homogeneous, we 
may without loss of generality assume that s and t are coprime. 
Definition. Let n be an integer and p a prime. Define ord,(n) as the index of the 
highest power of p that divides n. 
Lemma 3.1. If f and g both have rational roots, then s and 2t are squares. 
Proof. Let p be any prime factor of s and LY a root off. Then a2 = s(t - a), and 
so 
2 - ord,(a) = ord,(s) + ord,(t - (u) > 0. 
Therefore p divides s and ar but not t. Therefore ord,(s) = 2 l ord,(cu). Since this 
holds for all prime factors of s, s is a square. 
Now let p be any odd prime factor of t. Then 
ord,(t) = ord,(D(g)) (which is even) 
because p does not divide any other factor of i)(g). Therefore either t or 2t is a 
square. If t is square, then 
I/ = D(g)/4s3t = 2s2 + 9st/4 + 27t2 
is also square. If t is odd then s is even by Lemma 2.1. If 16 divides s, then 
U=O+(Oor4)+3=3or7(modB), 
a contradition. 
If ord,(s) = 2, then D(f)/4s = s/4 + t = 2 (mod B), 
a contradiction. 
Therefore t is an even square, and s odd. If 16 divides t, then U = 2 (mod 4)) 
and if ord2(t) = 2, then U = 3 (mod 8); these are both impossible. Therefore 2t 
must be a square. q 
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We now prove Theorem 2. Substitute s = b2, t = 2v2, D(g)/2s3t = w2 into (3.3). 
This gives: 
W2 = 4b4 + 9b2v2 + 216~~ . (3-4) 
Since t is even, s and hence b is odd. If v were odd, then we would have 
w2= 5 (mod 8). So we may put v = 2c and w = 2a; this gives equation (3.1), as 
required. Cl 
4. Solution of the Diophantine equation 
In this section we examine the Diophantine equation 
a2 = b4 + 9b2c2 + 864~~ (4.1) 
obtained in Section 3. We prove that this has no solution in integers with c # 0. 
The proof is a standard infinite descent. Suppose a solution did exist; then choose 
one with a minimai; then b and c must be coprime. 
Lemma 4.1. 4 divides c and 3 does not divide b. 
Proof. Let E be the right hand side of (4.1), and suppose b = 16d. Then 
E/16 = 212d4 + 144d2c2 + 54c4 = 6 (mod 8), 
which is not a square. Similar contradictions hold if b = 8d (where d is odd) or 4d 
or 2d or 3d, also if c is odd or c = 2 (mod 4). 0 
Substitute c = 4d into (4.1). Then 
a2 = (b2 + 72d2)2 + 216000d4, 
and hence 263353d4 = (a + b2 + 72d2)(a - b2 - 72d2). (4.2) 
Both factors on the right hand side of (4.2) are even, so we may write them in the 
form: 
a + b2 + 72d2 = 2ue4, 
a - b2 - 72d2 = Zvf”, 
(4.3) 
where u and v are fourth-power free. 
Lemma 4.2. ue4 and vf 4 are coprime. 
Proof. They cannot both be even because a and b are odd, so one of the number 
a f b2 is ~2 (mod 4). Now suppose p was a common prime factor of ue4 and vf 4. 
Then p divides their sum, which equals a, and their difference, which equals 
b2 + 72d2, and p divides lSd, by (4.2). But p cannot divide d because b and d are 
coprime, and p # 3 by Lemma 4.1. Finally, if p = 5, then b2 + 72d2 = 0 (mod 5), 
which is impossible. Cl 
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From (4.2) it now follows that 2d = ef and uv = 1S3, so u and v must be one of 
the pairs: 
(u, V) = (1, 1S3) or (33, S3) or (53, 33) or (1S3, 1). (4.4) 
It also follows that 
b2 = ue4 - 18e2f 2 - vf 4. (43 
Lemma 4.3. u = 1 arzd v = 1S3. 
Proof. Suppose u = 153. Then 3 j f by Lemma 4.2. So (4.5) becomes b2 = 
-f 4 s 0 (mod 3) which is impossible. Now suppose that u = 33 and v = 53, or 
vice-versa. By (4.2) and Lemma 4.2, one of the numbers e, f is even and the 
other is odd. So two of the three terms on the right hand of (4.5) are divisible by 
8. So (4.5) gives: 
b’ GE ue4 or -vf E f(3” or 5”) = f3 (mod 8), 
which is impossible. The only remaining alternative from (4.4) is that u = 1. q 
On substituting these values into (4.5), we get: 
b2 = (e’ - 9f 2)2 - 3456f 4 
and hence 
2733f 4 = (e’ - 9f 2 + b)(e2 - ‘3f 2 - b). (4.6) 
Now one of the numbers, e, f is even, the other is odd. So e2 - 9f 2 and b are both 
odd. Therefore one of the factors on the right hand side of (4.6) is =2 (mod 4). 
By changing the sign of 6 if necessary, we may assume that this is the second 
factor. So these factors have the following form: 
e2 - 9f 2 + b = 64gh4, 
e2 - 9f 2 - b = 2jk4, 
(43 
where j, k are odd and ,p and j are both fourth power free. 
Lemma 4.4. gh4 and jk4 are coprime. 
Proof. Same as Lemma 4.2. Cl 
From (4.6) and (4.7) it follows that gj = 27, but we do not know the sign of g 
and j. So the pair (g, j) might be (f 1, 3127) or (f27, f 1). Also from (4.6) we 
have f 2 = h2k2 hence 
e2 = jk4 + 9h2k2 -I- 32gh4. (4.8) 
S. g=27andj=l. 
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Proof. Ifg=-1 andj= -27, or vice versa, then the right hand side of (4.8) is 
negative definite. If g = 1 and j = 27, then (4.8) gives the contradiction: 
e2 = 32h4 = 2 (mod 3). 
So the only other possible values are g = 27 and j = 1, as stated. Cl 
On substituting these values into (4.8), we get: 
e2 = k4 + 9h2k2 + 864h4 . 
This is a solution of (4. l), with h # 0 and e c a. This contradicts the original 
assumption that (a, b, c) was a minimal solution. So (4.1) has no solutions, by the 
principle of iniinite descent. 
This concl&!les the proof of Theorem 1. 
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